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Abstract 

The five-point amplitude for the scattering of two distinct scalars with the emission of one 
graviton in the final state is calculated in exact kinematics for Einstein-Hilbert gravity. The 
result, which satisfies the Steinmann relations, is expressed in Sudakov variables, finding that 
it corresponds to the sum of two gauge invariant contributions written in terms of a new 
two scalar - two graviton effective vertex. A similar calculation is carried out in Quantum 
Chromodynamics (QCD) for the scattering of two distinct quarks with one extra gluon in the 
final state. The effective vertices which appear in both cases are then evaluated in the multi- 
Regge limit reproducing the well-known result obtained by Lipatov where the Einstein-Hilbert 
graviton emission vertex can be written as the product of two QCD gluon emission vertices, up 
to corrections to preserve the Steinmann relations. 
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1 Introduction 



In recent years there has been big progress in the understanding of the structure of scattering 
amphtudes in gauge theories mainly motivated by colhder phenomenology but also by the 
anti de Sitter / conformal field theory (AdS/CFT) correspondence [H 12], [3]. The latter has 
boosted the activity towards calculations in the JV = 4 supersymmetric Yang-Mills (MSYM) 
theory, which enjoys four dimensional conformal invariance and allows for calculations up to a 
large number of quantum loops by reducing the problem to a small set of master topologies [1] . 
These results can then be directly used to obtain amplitudes in A/" = 8 supergravity, offering the 
possibility to investigate the renormalizability of the theory at high orders in the gravitational 
coupling [5l |6] . 

However, there are few results in Einstein- Hilbert gravity [71 [3 [9] , where supersymmetry 
and string theory based calculational techniques cannot help [TUl ttH [12] ■ In this case one is 
forced to approach the calculations with traditional Feynman rules fiSi [T^ [TSj. At each order 
of perturbation theory the task at hand grows tremendously due to the new multi-graviton 
vertices appearing and the problem becomes a combinatorial nightmare. To make progress in 
this direction it is needed to find simplifying techniques besides using computer algebra. 

It is also possible to get a glimpse of the all orders amplitudes if they are evaluated in 
certain limits, with a remarkable example being the work of Lipatov evaluating multi-graviton 
scattering processes in multi-Regge kinematics (MRK). In this region the amplitudes can be 
written in a factorized form which allows even for the construction of a high energy effective 
action from which to generate them |16j. The key ingredients in these calculations are the 
reggeization of the graviton (TTJIIH] together with a full control of eikonal and double logarithmic 
contributions [191 1201 121] • A remarkable result in Lipatov's investigations is that the graviton 
emission effective vertex can be written as a double copy of the gluon emission effective vertex 
when both are evaluated in MRK and the latter is calculated in QCD [221 1231 1^ . 

In the present work we take a bottom-up approach and evaluate inelastic amplitudes at 
tree level both in Einstein-Hilbert gravity and QCD. We obtain expressions valid in general 
kinematics and then go to MRK to reproduce Lipatov's results both in gravity and QCD. 
Our computations are performed using conventional Feynman rules, with the aid of computer 
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algebra [25] in the much more comphcated case of gravity. 

In Section 2 a five-point amphtude is evaluated in QCD with two pairs of distinct quarks 
plus an emitted graviton. We split the contribution of the three gluon vertex into two pieces 
which, when added to the diagrams corresponding to gluon emission from the same fermion 
line, generate an effective vertex which is gauge invariant. In this way the amplitude can 
be simply decomposed into the sum of two topologies constructed with this effective vertex. 
The MRK limit of this sum coincides with Lipatov's gluon emission vertex. In Section 3 a 
similar calculation is performed in the case of Einstein-Hilbert gravity, where now the five-point 
amplitude consists of two pairs of distinguishable scalars and one emitted graviton. Operating 
in de Bonder gauge we write the result for the exact amplitude in a Sudakov decomposition of 
the participating momenta. Similarly to the QCD case, a new effective vertex appears which 
allows to write the amplitude as the sum of two gauge invariant topologies written in terms of it. 
This simplification occurs only after noticing a novel and subtle partial cancelation between the 
two diagrams containing the two scalar - two graviton vertex, and splitting the three graviton 
vertex into two different pieces. When taking the MRK limit of the sum of these two new 
effective diagrams we recover Lipatov's results for the graviton emission vertex [191 1201 l2l] ■ We 
also take the MRK limit of our exact calculation to check that it can indeed be written as 
the square of the QCD gluon emission vertex previously calculated, plus a contribution needed 
to keep consistency with the Steinmann relations. This structure is deeply connected to the 
proposal that gravity can be understood as a "double copy" of a gauge theory (see e.g. 
for a review on the subject). Finally, in the Conclusions we summarize our main results and 
provide suggestions for future research. 

2 Quark-quark scattering with gluon emission 

We start the presentation of our work by describing in this section the scattering at tree level 
of two distinct quarks with the emission of a gluon in the final state. Our notation for the 
different momenta reads 

Q{P, j) + Q'{q, n) Q{p', t) + Q'{q', m) + g{k, a), (2.1) 
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where j, n, i, m denote the (fundamental representation) gauge indices of the incoming and 
outgoing quarks and a the index of the outgoing gluon. At leading order in the strong coupling 
constant, g, five diagrams contribute to the total amplitude: 



M 



{q,n) 




+ 




+ 



{p',i) {p,j) 
{k, a) + 

{q',m) {q,n) 

{p\i) (pJ) 

{k, a) + 




{q', m) {q, n) 





{q,n) 

whose respective contributions we denote by 



o 



ip', i) 
{k, a) 

{q',m) 



ip', i) 
{k, a) 
(q', m) 
{p',i) 
(k,a) 
{q',m) 



(2.2) 



M = Ml + M2 + M3 + M4 + M5. 



(2.3) 
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The evaluation of the individual diagrams gives the result [27] 

Ml = -|^Ilb')^7;".y^7'^r.Xp)^(?07Mrl«(?), (2.4) 

M, = l.u{p')Yn^^m^u{p)u{q'h,T:^Mq), (2.5) 

Ms = -|^«(p')7^7;>(p)n(g')^T^,^7.T,^„«(g), (2.6) 



M4 = |!n(p')7^Tj.n(p)«(g')7M^1^^7^.>(?), (2.T) 



Ms = -|^n(p')7'^7;>(p)^(g')7^Tl«(g)/^'"^ 

X ip-p' -q + q')-£'nf^u + iq-q' + k)^e^ + {p' -k- p)ye^, , (2.8) 

where 

t={p-p')\ t' = {q-q'f. (2.9) 
Following [2H], we decompose the amplitude into two sets 

= Ml + M2 + Mi^, Mi = M3 + Mi + M'r^, (2.10) 



where 



^5 = ^^5, M^' = ^M5. (2.11) 

The full amplitude is then written as 

M = + M^. (2.12) 

What makes this decomposition interesting is that and are gauge invariant separately. 
Indeed, replacing the external polarization e^{k) by k^ we find that, after some algebra, 
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Ml + M2 ^ --^r'>'^^Tljl{p')ru{p)u{q')i,u{q), (2.13) 

whereas 

^5 J^-f)^ ■{p-p'~q + q')r''Wljl{p')Yu{p)u{q')^,u{q). (2.14) 



When momentum conservation is imposed this last term cancels Eq. fl2.13p and leads to the 
partial Ward identity 



k^M^ = 0, 



(2.15) 



where the notation = e^{k)M!^ has been used. A similar treatment of the second combina- 
tion of diagrams generates the Ward identity 



k^M^ = 0. 



(2.16) 



The main advantage of combining Feynman diagrams into these gauge invariant contribu- 
tions is that it allows to fix the polarization of the emitted gluons independently for each of 
them, reducing the number of cross terms when evaluating higher order amplitudes by means 
of unitarity relations. In the present work the existence of these two gauge invariant combina- 
tions offers the possibility to define effective vertices which can, eventually, be obtained from 
a suitable effective action valid for general kinematics. In order to extract these vertices from 
our representation of the amphtude we write the two subamphtudes as 



Mt 



5.(fc)«(p')A^^;.(p,p',fc)n(p) 



t' 



Ml 



4. 



Cb 



e^{k)u{q')A^]':^^^{q, q', k)u{q) 



(2.17) 
(2.18) 



where A^^'.^ ;,(p, p', k) is given by 



ij,d,a 



I Q ik kji 



_^rpa rpa 

2 ik kj I 



p' ■ k 



p ■ k 



f-dcj^c^a _ 2p' - kf 5^ + {p' -p + 2k)^r]^'' + {p'~p- kY5l . (2.19) 



2k ■ {p — p 

By construction it satisfies the gauge Ward identity 

^.Ai;;,,(p,p',fc) = o. 



(2.20) 



In writing this effective vertex a notation stressing the nonequivalence of the indices has 
been used. Its non-locality is manifest by the presence of momenta in the denominators. 
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Diagrammatically, we represent it by 



ij;a,b 



P 




a, u, k 



(2.21) 



where it should be kept in mind that, by definition, three of the four legs in the vertex (those 
labelled by p, p' and A;) are on-shell, = p'^ = A;^ = 0. The process QQ' — )■ QQ'g at tree 
level can thus be represented in terms of just two Feynman diagrams, each containing a single 
effective vertex, i.e. 



This decomposition of the amplitude in terms of two topologies with a single non-local effective 
vertex is exact, i.e. independent of the particular kinematical regime considered. 

2.1 Multi-Regge kinematics 

The expression for our effective vertex simplifies when restricting the amplitudes to multi-Regge 
kinematics (MRK), where the limit s = (p + g)^ ^ oo is taken while the momentum transfers 
t and t' arc kept fixed, i.e. not growing with energy. These conditions translate into the 
constraints 



where Sp/k — {p' + kY and Sqik — {q' + k^. This generalizes the standard Regge limit in 
four-point amplitudes to the case of five-point amplitudes. 

To implement MRK it is convenient to introduce the momenta ki and k'z to write 




(2.22) 



(2.23) 



p' ^p-k 



q' ^q + k 



■2, 



k — ki — k2 



(2.24) 
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and express them using the Sudakov parametrization of the form 



(2.25) 



where = = p - ki^x_ = 0. In terms of the Sudakov parameters ai^2 and /3i 2 the multi-Regge 
hmit reads 



l>ai>a2 = , 1 > I/32I > = — , 

s s 



which, for the emitted gluon, imphes that 



~ -^Pi + -^P2 + k ~ — \- kj_ = 0. 



(2.26) 



(2.27) 



s s s 

The MRK hmit, taken on the different contributions to the total amphtude, gives the following 
expression for the effective vertex in Eq. 02.211) : 



P 




p-ki 



\ 



a, z/, ki — k2 



b,n, k2 



J 



MRK 



21 

t - t 



ttl - 2^ ) p" + (52q'' - {k, + k2) 
SP2 



. (2.28) 



According to Eqs. 02.171) and 02.181) . to use the effective vertex in the second diagram in 02.2^ 
one needs to replace p^ — )■ and p'^ — )■ g'^, with k^ unchanged. In terms of the momenta and 
Sudakov variables appearing in the MRK vertex 02.28p . this amounts to 



p^" ^ g'^. 



ai i — )■ -132 



(2.29) 



To recover Lipatov's reggeized gluon - reggeized gluon - gluon effective vertex at leading 
order in MRK we simply add the contributions of M| and Mi in this limit. Diagrammatically 



v 




p 



MRK 



p 

k, (2.30) 
■g' 



where the last effective Feynman diagram is given by 

M = e.{h - k,) [2gp'^T^^ (^^) (^^) (2^?g'^Tl) , (2.31) 

with 

This vertex is well-known and, when used to construct elastic amplitudes together with the 
gluon Regge trajectory, it generates the evolution Hamiltonian of the Balitsky-Fadin-Kuraev- 
Lipatov equation [221 EHl El]. This Hamiltonian presents holomorphic separability [30] and 
invariance under SL(2,C) transformations [21] • Its generalization to the exchange of an arbitrary 
number of reggeized gluons in the t-channel (BKP equation [321 [33]) can be mapped into an 
integrable and symmetric under duality |M] periodic XXX Heisenberg ferromagnet |35j.[5Bl 
[37J. A similar open integrable spin chain has been found in kinematical regions of n-point 
maximally helicity violating (MHV) and planar {Nc — )■ oo) amplitudes in MSYM [381 [39] . In 
this case Mandelstam cut contributions and the BFKL kernel in the adjoint representation play 
a fundamental role [lOl HI]. Very recently, a novel relation between the BFKL equation in the 
forward limit and the sl(2) invariant XXX spin -1/2 chain [12] has been unveiled. 

The effective vertex in Eq. (12.321) is universal in the sense that it is independent of the 
nature of the external particles to which it couples. We have chosen two distinct quarks for 
simplicity, but it would be the same for only external gluons, for example. We follow a similar 
logic for the gravitational Einstein-Hilbert theory in the following section. 

3 Scalar-scalar scattering with graviton emission 

To minimize the number of contributing Feynman diagrams, in this section we analyze the 
gravitational scattering of two distinct scalars (p, $ with the emission of a graviton in the final 
state with polarization e^y{k): 

m + $(g) ci>{p') + $(g') + G(fc, e). (3.1) 

We proceed with the calculation of the corresponding amplitude using algebraic codes [25] 
when expressions are lengthy. A novel exact effective vertex will be obtained whose MRK limit 



2t 



2t' 

sai 



(2.32) 
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will coincide with the one calculated by Lipatov in his works on gravity. Our exact vertex for 
graviton emission depends on the particular choice of external particles while its MRK limit is 
universal. The tree-level amplitude involves the computation of seven Feynman diagrams: 



M 



+ 



+ 




P 



p 



P 



+ 



Q 
P 







q' 
P' 






q' 
P' 


J 





"^^^^^ {k, e) 



(3.2) 



In the following we denote by Ait (with z = 1, . . . , 7) the contribution of each of these diagrams 
which we have calculated using the Feynman rules listed in Appendix |X1 In order to recast 
the long expressions in a more convenient way, we introduce the momenta ki and /c2 defined in 
Eq. f l2.24p and make use again of the Sudakov parametrization fl2.25p . Moreover, the graviton 
polarization tensor t^p{k) is written as 



{k) = e^{k)6^{k), 



(3.3) 
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where e{k) ■ e{k) = and k ■ e{k) = 0. Using the last condition to write 

1 



e ■ k 



£ ■ ki I — -e ■ k 



1 

2 L 



e ■ k 



e ■ {ki± + k2±) - {ai - a2)e ■ p - (A - f32)e ■ q 
1 



2± 



e ■ k2± + -e ■ k 

e ■ {kii_ + k2±) + (ai - a2)e ■ p + - f32)e ■ q 

the total amplitude Ai can be shown to have the structure 

M = [e-{ki± + k2±)][e-{ki± + k2±)]Akk + [e-{ki± + k2±)]{e-p)Akp 
+ [e ■ {kii_ + k2±)]{e ■ q)Akq ^ {e ■ p){e ■ p)App + {e ■ q){e ■ q)Aqq 

+ ■ p){^ ■ q)Apq. 



(3.4) 



(3.5) 



(3.6) 



The six coefficients An appearing in this expression are rational functions of the momenta 
whose explicit form is given in Appendix IB. II The results are independent of the center of 
mass energy s = {p + qY and can be written solely in terms of the Sudakov variables 0:1^2, Pi,2- 
Before proceeding any further, we should point out that the computed amplitude is gauge 
invariant, i.e. using momentum conservation we have 



k,M^'' = = k.M^'^ 



(3.7) 



where we have written M. = e^j_^A4.^'^ . As a further cross-check of our calculations, we note 
that the total amplitude also satisfies the Steinmannn relations [29j. These are a consequence 
of unitarity and state that the amplitude cannot have simultaneous singularities, or multiple 
poles in energy variables, in overlapping channels. In our case the invariant masses associated 
with these two channels are 



Sp'k = {p' + kf 



Sq'k = {q' + kf 



{3.t 



which, in terms of the Sudakov variables, take the form 



Sp'k = -s{a2 + /32), Sq'k = s{ai + /3i] 



(3.9) 
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In a preliminary version of the expressions in Appendix IB. H it turned out that all six coefficients 
An contained the potentially dangerous combination (ai + /3i)(a;2 + (32) in their denominators. 
We explicitly checked, however, that the numerators vanish either when ai — )■ — /3i or 02 — )■ —(32, 
cancelling out one of the factors in the denominator and leaving behind simple poles in Sp/k or 
Sq'k- We have finally simplified our expressions to explicitly show the non-existence of these 
unphysical poles. This fulfillment of Steinmann relations provides a highly nontrivial test of 
our results. 

As in the QCD case analyzed above, our aim is to decompose the total amplitude in terms 
of gauge invariant combinations. Here we define 

M^ = Mi + M2 + M' and Mi = Mi + M5 + M", (3.10) 

where 

M'=j^[Ms + M-r), M" = -^^[M, + Mr). (3.11) 

The total amplitude can be written as 

M=M^ + M^+ (^-^3 + ^-^e) . (3.12) 

Remarkably, after a long calculation one can show that the last term cancels 

^■^3 + ^-M6 = 0. (3.13) 

To qualitatively understand this result we notice that both the scalar-scalar-graviton and scalar- 
scalar-graviton-graviton vertices given in Appendix El are proportional to the same kinematical 
factor Pfj,qu +Pu(lfi- After working out all the index contractions in Ai^ and it is possible to 
find that the only difference in the contributions of these two diagrams lies in the denominator 
of the interchanged graviton. Diagramatically, 




(3.14) 
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from where the cancellation in Eq. f l3.13p follows. 

We conclude that the amplitude can be written only in terms of the two contributions shown 
in Eq. fl3A0|) 

M = M-^ + (3.15) 

where each of the partial amplitudes A^-|-, Aii have the structure shown in Eq. fl3.6p . Their 
corresponding coefficients are given in Appendix IB.2I What makes this decomposition inter- 
esting is that both terms on the right-hand side are gauge invariant independently, i.e. they 
satisfy the Ward identities 

fc^Mf = 0, k^Ml" = 0, (3.16) 

where A4f = e^^AA'^^ and M.^ = e^j^^AA^ . As in the gauge theory case analyzed above, we can 
write the two gauge invariant contributions in terms of an effective vertex for the interaction of 
two on-shell scalars with one on-shell and one off-shell gravitons. The pictorial representation 
would be: 




We find this result very interesting and are currently investigating the generalization of these 
effective diagrams to higher point amplitudes. If any iterative structure for higher order effective 
vertices could be found it would drastically help simplify loop calculations in Einstein-Hilbert 
gravity when using unitarity techniques. 

3.1 Gravity as a double copy of QCD in multi-Regge kinematics 

We are now ready to address a very interesting point which has attracted quite a lot of attention 
in recent literature: in which sense are our effective vertices in gravity and QCD related? It 
is not possible for us to answer this question directly in general kinematics since, in order 
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to simplify our calculations, we have operated with very particular external states, scalars in 
Einstein-Hilbert and quarks in QCD. This issue has been discussed by Bern and collaborators 
in a series of works mainly involving the mapping of amplitudes with only gluons in one side 
and only gravitons in the other [26| H3| HU HS]. We can, however, investigate our scattering 
amplitudes in multi-Regge kinematics and try to reproduce the results by Lipatov [T^ [2U| UT] 
where he found that the gluon and graviton emission vertices in MRK are indeed related as 
described in the following. 

Let us make use of the relations kf = PiS = t and = —a2S = t' to rewrite the QCD MRK 
effective vertex of Eq. (12.321) in the form 



igil^^n^ (3.18) 



When looking for gravity as a simple double copy of the gauge theory amplitudes we find 
a difficulty in MRK. In this region, which corresponds to the limit of Sudakov parameters 
described in Eq. (12. 26 p . we have that Sp'k = — {ct2 + (32) s ~ —f32S and Sg>k = (ai + f3i) s ~ ais, 
and can write 

('-^ + ^] p-^ - ('-^ + ^] - ik^ + k2)l. (3.19) 

It is important to notice that, when written in this form, the naive double copy Vt'^Oy has ex- 
plicit unphysical double poles of the form (sp/^Sg/fc)"^ which correspond to simultaneous energy 
discontinuities in overlapping channels. The solution proposed by Lipatov was to introduce a 
subtraction term in order to fulfill Steinmann relations which reads 



= 2^klkl(^-^] ^ -2^v^(^ + ^), (3.20) 



with the corresponding double copy being 

N'N^ ^ -Ap,aJ^ + ^^ + t^:^). (3.21) 

What Lipatov showed is that the effective vertex for the emission of a graviton in Einstein- 
Hilbert gravity can be written in MRK as the following combination of QCD MRK effective 



13 



vertices: 



+ 



2/3iV^,/3i«2 



at 



P2 / V Oil J aiP2 



P2 J V "1 / 



(3.22) 



Let us see if this complicated structure is present in our exact calculations. For this purpose 
it is needed to find the corresponding coefficients in the expansion of our Eq. (13.61) which now 
we write in the form 

M^'" = (A;i + A;2)^[(A;i + A;2)1 + ^ppPV + A.?V + A. W + g'^P") 

+ Akpiv^k'' + k^p'')+Ak,{q^k'' + k^q-), (3.23) 

whertlll An = Au/Akk- 

Using the results for the exact gravitational amplitude given in the Appendix and operating 
in the MRK of Eq. (I2.26P , the Taylor series expansion of each of the coefficients in Eq. (13.231) 
is as follows: 



A^ 



VP 



al + O {af) + /3i 



12ai 8a? 



pi 



+ 



/3| 



8/32 + 4 (8/32 + 4) ai 



PI 



PI 



0{al) 



Pi 



+ 



4(/32 + l) , 4 - 8/3| _^ 4ai _ 4^^^^^2M + o («3) 



Piai 



PI 



P2 



PI 



^ — 



2 4ai/3i 4/3f 4a2/3i 



P2 



+ 



/3| 



+ 



PI 



+ ... 



(3.24) 



^The process dependent impact factors can be evaluated from the MRK limit of the normalization factor 



A 



kk- 
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A„ = ft= + O (/?!)+ A [-2ft + O (/?!)]+ O 



I «! ai 



4 - 8ai (4 



at 



12/32 , 8/3| 



a. 



+ 



4 - 4ai 4 - 8a? 
i -I J- 

af/32 



4/^2 , 4(ai-l)/3| 



af 



2 4a2/32 4a2/3i 

P2 "I I o r 



ai 



at 



ai 
4a| 



+ 



af 



+ . . . 



^ai)/32 



at 



+ (/32') 



/3i + 



(/32) 



/3i + O !> + O (a2^) 

(3.25) 



A 



PI 



A 



kp 



A, 



kq 



ai/32 + O {Pi) + (ai - 2) /3i + O (z^^) + ^2 [2 + /32 + (/32') + /3i + (Z??)] + O (a^ 

(3.26) 



ai/32 

-ai + (5i 



2/3i + 2a2 + . . . 
2 - 2ai 



/32 



/32 + 0(/32')+(^(/3!)+«2 

2a2 



ai ai 



ai 



+ . . . 



(3.27) 



(3.28) 



These coefficients calculated in MRK are therefore in exact agreement with those of Eq. (13. 22 p . 
This is a highly non-trivial check of our calculation which sheds light on the deep relation 
between Einstein-Hilbert gravity and gauge theories. 

The procedure we have followed in this work to cross-check our calculations can be applied 
to amplitudes with an arbitrary number of loops and external legs. We have found that the 
representation of the exact amplitudes in Sudakov variables facilitates the application of the 
MRK limit and the comparison with the iterated form of amplitudes valid in this region. This 
adds to the more standard checks related to gauge invariance and agreement with the Steinmann 
relations. 
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4 Conclusions 



In this work the tree level five-point amplitude for the scattering of two distinct scalars with 
a graviton in the final state has been evaluated considering Einstein-Hilbert gravity as a usual 
gauge theory. The calculation has been performed in exact kinematics with the final result 
expressed in Sudakov variables. We have tested not only the gauge invariance of the full 
amplitude but also the lack of simultaneous singularities in overlapping channels, in agreement 
with Steinmann relations. 

We have found the remarkable result that, due to the subtle cancellation shown in Eq. fl3.13p . 
the full amplitude can be written as the sum of only the two gauge invariant topologies given in 
Eq. fl3.17p . both written in terms of the same effective vertex for graviton emission off a scalar 
line together with an off-shell graviton connecting with the other distinct scalar line. A natural 
expansion for a general five-point amplitude in gravity is given in Eq. fl3.6p with the coefficients 
for our full result being shown in Appendix IB.ll The coefficients for the separation into our 
two novel effective topologies are explicitly written in Appendix IB.2I This new structure in 
terms of effective vertices will be useful to simplify and streamline the calculation of higher 
order corrections in gravity, reducing in a great amount the number of possible topologies 
contributing to a given process. It is likely that new effective topologies will appear as the 
number of external legs in the amplitude increases. The possible relations of the new effective 
vertices with the lower order ones will be the subject of our future investigations. 

In order to investigate the interesting link between gravity and gauge theories we have 
also offered a detailed derivation of the QCD amplitude with four external quarks and one 
gluon. In this case a similar separation into effective topologies as in Einstein-Hilbert gravity 
appears. We have reproduced the results obtained by Lipatov many years ago by showing 
that the graviton emission vertex in multi-Regge kinematics can be written as the product 
of two gluon emission vertices in QCD also in the same limit, with an additional subtraction 
needed to fulfill the Steinmann relations. It will be interesting to generalize this calculation to 
supersymmetric theories, also investigated in Lipatov's works, and the interpretation of these 
results in terms of string theory. The connection between the results here presented and the 
puzzling duality between color and kinematics recently proposed in [l3l HU HS] is the subject 
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of current investigations. 
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A Feynman rules 

In this Appendix we list the Feynman rules used in the calculation of the gravitational amplitude 
(12. 2p . Our action, where there are two types of distinct massless scalars denoted by and $, 
reads 

S = J d^x^g (^-^R + ^g^'d.cl^d^c^ + ]^g^''d,<^dA^ , (A.l) 
with = IGyrGAT- To simplify the calculations we follow [46j and make use of the identity 

^Mm = V\9\9''' (r^^r^„ - r^,r^^) + total derivatives. (A.2) 
Writing g^y = rj^^ + i^h^y and using the de Bonder gauge, 

d,K = \duK, (A.3) 
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the propagators are given by 



)• (A.5) 



At 0{k,'^) there exist two interaction vertices between scalars and gravitons. The first one is a 
scalar-scalar-graviton vertex of the form 




ZK 



(A.6) 



The second one is a scalar-scalar-graviton-graviton vertex: 




IK 

'T 



X 



where we have introduced the symmetrizer 

T 1^ 



(A.8) 
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Finally, there is the three-graviton vertex 




iKfn n^T^^ T^^ T"^ -l-r),« 1^'^ T^^ 7°"^ 



C? PX TV ^ '^AHcr-^ ^^-^ p^-^ TV 

C€ PX TV "T f^XPcT-L- i^^-L- p^-L TV 



X 



^A;C?;a;px;™^ (A.9) 



where the last factor is given by 



When the vertex is fully expanded it contains 3! x 2^ x 8 = 384 terms. To simplify its form, 
momentum conservation together with the de Bonder condition have been used. As far as we 
know, this is the simplest form for this vertex in the literature (compare, e.g., with [47j ) . 

B Explicit form of the gravitational amplitude 
B.l The full five-point amplitude 

To avoid cluttering the text with long expressions, here we have collected the full form of the 
coefficients of the amplitude shown in Eq. (13. 6p . They are expressed in terms of the Sudakov 
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decomposition for the momenta ki, k2 given in Eq. fl2.25p 



^kk — — 



/ 1 + (1-^2) 

8 l/3ia;2 /3i («! + ^2 («2 + /32) 



Akp = -5- 



^kq = — • 



(ai - 02) ^ («i - 1) («i + 0:2) _^ («2 - 1) («! + 0:2-2) 
aia2/3i (oi + Pi) 0L2 (02 + /32) 

(/3i-/32)' (A + 1) (A + /32 + 2) , + 1) + /32) 



«2/3l/32 



/3i («i + 



+ 



Pi (02 + /32) 



4 — — — 



iK'^ j (oi — 02)'^ 4 (oi — 1) (ai — 0:2 — 1) 



aia2/3i 



+ 



012 {(32 - 



(oi - 1) («! + a2f _^ (0:2 - 1) (oi + «2 - 2)^ 



«! («! + /3i) 



02 (02 + 132) 



IK'^ 



(/3i-/32)' 4(/3i-/32-l)(/32 + l) 



a2/3i/32 



(ai - 02) (3i 



+ 1) + /32 + 2r ^ (/32 + 1) + /32)^ 



132 {a2 + 132 



A 



IK 



pq 



(tti + 02-2) {I3i - 02) + {ai + 02) (^2 + Pi) 



X 



1^ aia2/3i ai (ai + 0^2 (^2 + /32) j 
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B.2 The two topologies contributing to the full amplitude 

Next we list the coefficients corresponding to the partial amplitude M.-^ 

1 + , a2-l 



^kk 



^kp 



A^ 

^kq 



IK 



+ 



8 I q;2/3i a ("2 + Pi) "2 {0.2 + /32 



IK 

8q;2 

IK^ 



{a2 - 1) (tti + q;2 - 2) «! + q;2 (2q;2 - 3) 
a2 + /S2 0:2 + /3i 

1 (1 - a2)(«2 - A) 



8q;2 tQ;2 + /3i {pt2 + I3i){a2 + P2) 

IK 



iK^ i (a2 - 1) (ai + as - 2) 2 («i - 3«2) [ai + (ai - 3) ^2 + ai 
8q;2 1 a2 + P2 

4 (cKi - 1) (1 - cci + a2) 



0^2 + Pi 



- 



A^ 



IK 



(/3i-/32)(/3i-/32-2«2) 



q;2 + 1 (1 - a2)(a2 - 



+ 



as + A (q;2 + A)(a2 + /52) 



3 f (0:2 - 1) /3i(ai + 0:2 - 2) - 2/32(«2 - 1) - a2(ai - 4) - 3q;^ 



tt2(tt2 +/32) 



+ 



+ (/32 + 3)q;2 + P2 



+ 0-2 



-3/32 + Q;2(3Qi2-/32-9) 



(B.7) 

(B.8) 
(B.9) 



(B.IO) 
(B.ll) 



(B.12) 
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and those of Ai 



i 



IK 



^kk - 



^kp 



1 1 - «! 1 + /3l 

+ 7 -TTT + 



At = ^ 



ai {ai + /3i (02 + A) J ' 

m'^ J («i — 02) ^ (tti — 1) (tti + a2) tti + ^2 (2a2 — 3) 
8 I aia2/3i ai(Qii + /3i) 0:2 (a2 + A) 

m3 I /3i (2/3i + 3) - /32 (A + 1) (A + 1^2 + 2) 



kg 



Ai 
pp 



Pi {012 + fil) 



Pi (ai + Pi) 



(B.13) 
(B.14) 
(B.15) 



IK? I («! - 0:2) ^ (ai - 1) («! + 02) 



8 ] aia2Pi ai {ai + 

(«1 — 80:2) 0(2 + (ck^i — 3) ^2 + cn 



"2 ("2 + A) 

I (/3i + i)(/3i + /32 + 2)2 4(/3i-/32-l)(/32 + l) 



(B.16) 



/3i (ai + Pi) 
m - P2) Pi {Pi + /32 + 3) - /32 



(tti - a2)Pi 



+ 



/3l ("2 + Pi) 



(B.17) 



^^3 f + 1) Pi (-^2 + /32 + 4) + 2ai {Pi + l)-a2 {P2 + 2) + 3/3- 
/iJ- — 



+ 



/32 - (/32 + 3) /3i + /32 



/3i (ai + 
3/32 - Pi (3/3i + /32 + 9) 



A (a2 + Pi) 



(B.18) 
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